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Abstract
We consider ,xed-for-/oating interest rate swaps under the assumption that interest rates are given by
the mean-reverting Cox–Ingersoll–Ross model. By using a Green’s function approach, we derive analytical
expressions for the values of both a vanilla swap and an in-arrears swap.
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1. Introduction
A swap contract is an agreement between two parties to exchange a series of cash /ows according
to some pre-speci,ed terms. Such contracts are over-the-counter (OTC) meaning that they are private
arrangements, sometimes directly between two parties and sometimes facilitated by a swap dealer,
rather than exchange-traded. Usually, the cash /ows are based on some underlying asset, such as
an interest rate, an exchange rate, an equity, a commodity price, and so on. The market for such
instruments is huge: Wilmott [13] states that at the time his book was written, the total notional
principal amount was well over 10 trillion US dollars; here the phrase “notional principal” refers
to the value of the underlying on which the cash /ows are based, and is relevant for determining
contingent liabilities and capital market requirements. Interest rate swaps are currently the most
popular swaps, and in such a swap, the two parties exchange cash /ows that constitute the interest
on a notional principal. Typically, only the cash /ows are exchanged in such a swap, not the
principal. One such interest rate swap is known as a vanilla interest rate swap, or a ,xed-for-/oating
swap, in which one party agrees to pay the other a ,xed interest rate and receives in exchange a
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(a)
PAYER RECEIVERSWAP
DEALER
pay fixed receive fixed
receive floating pay floating
(b)
PAYER RECEIVER
pay fixed receive fixed
receive floating pay floating
Fig. 1. Mechanics of a swap: (a) with dealer; (b) without dealer.
/oating rate. The mechanics of such a swap are shown schematically in Fig. 1, with a swap arranged
by a swap dealer shown in Fig. 1(a) and a swap without intermediaries shown in Fig. 1(b). Roughly
60% of the swaps are arranged by a match maker who would typically charge a fee for arranging
the swap, either in the form of an up-front fee, or more usually in the form of a spread on the
interest payment, which Hull [9] estimates at 3–4 basis points or 0.03–0.04% per annum, so that for
example, one party might pay a ,xed rate of 5% per annum and receive /oating but the other might
only receive a ,xed rate of 4:96% and pay /oating, with the dealer retaining the spread. Obviously,
one of the major advantages of a swap directly between the end-users is that the costs are less, but
not every institution has the resources to arrange a swap without using a dealer. Typically when
a swap dealer is involved, the swap will consist of two separate contracts between the dealer and
the two parties, and often a dealer will warehouse a swap, meaning enter into one side of the swap
without having found a counterparty for the other side of the swap. The advantages of using a dealer
are ,rstly that it makes a swap easier to arrange and secondly that the dealer assumes the credit
and default risk, so that even if one party defaults, the dealer will honour its agreement with the
other party, and the spread earned by the dealer is partly as compensation for assuming this risk:
typically, the fee charged to a swap participant by the dealer will depend upon the credit rating
of the participant, with low credit ratings meaning higher fees and vice versa. For swaps arranged
without a dealer, a diHerence between the credit ratings of the two counterparties would typically
be re/ected in the ,xed interest rate.
One of the most common /oating rates used in an interest rate swap agreement is LIBOR, the
London Interbank OHer Rate. Interest rate swaps are typically used to reduce risk by institutions
whose assets and liabilities have a diHerent structure, such as a bank having assets in the form of
,xed rate mortgages but short-term liabilities in the form of deposits on which a competitive rate
of interest must be paid to attract depositors.
A hypothetical example of an interest rate swap is as follows. Two parties might enter into a 10
year swap on January 1, 2000, with semi-annual interest payments, with either party paying to the
other interest on a notional principal of $1 million. One party, known as the payer, will pay ,xed
and receive /oating, and in our example, the ,xed rate might be 6%, so that every 6 months, the
payer would pay $30; 000 to the receiver, this amount being (1=2)×0:06×1; 000; 000, with the (1=2)
included because the payments occur every half year. Similarly, the receiver, who receives ,xed and
pays /oating, would deliver 6 months worth of /oating rate interest on the principal, which would
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be $10; 000× (r=2), where r is the /oating rate. Typically, the cash /ows on an interest rate swap
are netted, so that only the diHerence between the two is paid, and thus the cash /ow from a swap
on any of the payment dates is the same as that from a forward rate agreement (FRA) on the same
date, an FRA being a contract that allows an investor to lock in a forward interest rate, and so
a swap can be thought of as being a series of FRAs, which is a common approach used in the
pricing of swaps. In addition, the /oating rate on which the receiver’s payment is based is usually
,xed ahead of the payment date, at the “reset time”, which typically coincides with the date of
the previous payment, which in a typical contract would be 6 months in advance. For one special
type of swap, known as an in-arrears swap, the /oating rate is only ,xed on the payment date, so
the reset time and payment time coincide. An overview of the interest rate swaps market from a
practical viewpoint can be found in [2].
In our analysis, we will derive expressions for the values of both a vanilla interest rate swap,
where the /oating rate is set at the previous payment, and an in-arrears swap. To price the swaps,
we will take a contingent claims approach together with a popular one-factor interest rate model,
that due to Cox–Ingersoll–Ross (CIR) [5,6]. As is common in swap pricing, we will break the swap
up into a series of FRAs and price each of these FRAs using the CIR model, and in particular a
Green’s function approach. The value of the swap is given by the sum of the values of these FRAs.
By contrast, market practice is that instruments such as swaps and FRAs are commonly priced using
a modi,cation of the Black–Scholes formula, namely the Black-76 [3] formula, which was originally
derived for commodities futures, and in which the interest rate follows a lognormal random walk
rather than the mean reverting random walk used in the CIR model.
Mathematically, there is little diHerence between a swap facilitated by a dealer, as shown in
Fig. 1(a), and a swap arranged directly between the two counterparties, as shown Fig. 1(b). In
either case, the value of the swap to either of the counterparties is simply the present value of the
diHerence between the interest payments made and those received. In the case of a swap arranged
directly, the value of the swap to one party will be equal and opposite to its value to the other
party, while in the case of a swap arranged by a dealer, the two values will diHer by the dealer’s
fees.
2. Analysis
A general stochastic interest rate r will obey the stochastic diHerential equation
dr = u(r; t) dt + w(r; t) dX; (1)
where dX is normally distributed with zero mean and variance dt; u(r; t) represents the drift and
w(r; t) can be thought of as a volatility. If we construct a risk-free hedged portfolio consisting of
two bonds with diHerent maturities, each of which obeys Eq. (1), and then apply Itoˆ’s lemma to
the value of this portfolio [13], we arrive at the following partial diHerential equation for the price
V (r; t) of an interest rate security,
9V
9t +
1
2
w2
92V
9r2 + (u− 
w)
9V
9r − rV = 0: (2)
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The term u− 
w in (2) represents the risk-adjusted drift and 
(r; t) is known as the market price of
risk. The functional forms of u− 
w and w will depend on the speci,cs of the interest rate model
chosen, but many of the popular one-factor interest rate models are special cases of the general aMne
model for which u− 
w = a(t)− b(t)r and w = (c(t)r − d(t))1=2. One such special case is the CIR
model [5,6], which is the model we will use in the present study, and for which u− 
w = − r
and w=r1=2, where the coeMcients are constants, as opposed to functions of t in the general aMne
model. Several other special cases of the general aMne model are listed in [13, Chapter 38]. For
a security involving a single cash /ow at time t = T , Eq. (2) must be solved together with the
pay-oH at T , which we will denote by V0(r). If we specialize to the CIR model, and further make
the transformation t = T − , so that  is the remaining life of the bond, then (2) becomes
9V
9 =
2r
2
92V
9r2 + (− r)
9V
9r − rV; (3)
together with the condition that the pay-oH at maturity V0(r) = V (r; 0) is speci,ed at = 0. Several
authors have solved this using various techniques, with a popular approach being to assume that the
solution is of the form V (r; t)=exp[A(r; t)− rB(r; t)], which [7,10] have shown is a solution for the
general aMne model. A slightly diHerent approach, which we took in [11,12] is to take the Laplace
transform in time of (3),
Vˆ (p) =
∫ ∞
0
V ()e−p d; (4)
and arrive at following nonhomogeneous ODE for the transform of the security price,[
2r
2
92
9r2 + (− r)
9
9r + (p− r)
]
Vˆ = V0(r): (5)
Two linearly independent homogeneous solutions to (5) are
Vˆ 1 = exp
[(
˜
2
√
˜2 + 2
− 1
2
)
r˜
]
M [2k˜ + p˜− 1; 2k˜ ; r˜];
Vˆ 2 = exp
[(
˜
2
√
˜2 + 2
− 1
2
)
r˜
]
U [2k˜ + p˜− 1; 2k˜ ; r˜]; (6)
where we have used the transformations ˜ = =; k˜ = k=2; r˜ = 2r
√
˜2 + 2=, and p˜ = (p= +
˜k˜)(˜2 + 2)−1=2 − k˜, and M (a; b; r˜) and U (a; b; r˜) are Kummer functions [1,8]. We can use these
homogeneous solutions to construct a solution to (5),
Vˆ =
(2k˜ + p˜− 1)
(2k˜)
√
˜2 + 2
×
[
Vˆ 1
∫ ∞
r˜
exp
(
− ˜r˜√
˜2 + 2
)
r˜4k˜−1U [2k˜ + p˜− 1; 2k˜ ; r˜]V0
(
r˜
2
√
˜2 + 2
)
dr˜
+ Vˆ 2
∫ r˜
0
exp
(
− ˜r˜√
˜2 + 2
)
r˜4k˜−1M [2k˜ + p˜− 1; 2k˜ ; r˜]V0
(
r˜
2
√
˜2 + 2
)
dr˜
]
; (7)
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where we have imposed the boundary conditions that we require Vˆ → 0 as r˜ →∞ and Vˆ r˜ bounded
as r˜ → 0. To recover the value of the option, we must invert the transform, using
V (r; ) =
1
2i
∫ c+i∞
c−i∞
Vˆ (r; p)ep dp; (8)
where c lies to the right of all the singularities of Vˆ (r; p). We can evaluate this integral by closing
the contour to the left, and the value of the contour integral is 2i times the sum of the residues
contained inside the loop. Recalling that (cz) is single-valued and analytic over the entire complex
plane, except for simple poles with residue (−1)nc−1=n! at the points z =−n=c (n= 0; 1; 2; : : :), we
deduce that Vˆ has simple poles at the points p˜=1− n− 2k˜, or at p= (1− n− k˜)
√
˜2 + 2− ˜k˜,
and it follows that the inverse is
V =
1
(2k˜)
exp
[(
˜
2
√
˜2 + 2
− 1
2
)
r˜ + ((1− k˜)
√
˜2 + 2− ˜k˜)
]
×
∞∑
n=0
(−1)n
n!
e−n
√
˜2+2
[
M [− n; 2k˜ ; r˜]
×
∫ ∞
r˜
exp
(
− ˜r˜√
˜2 + 2
)
r˜4k˜−1U [− n; 2k˜ ; r˜]V0
(
r˜
2
√
˜2 + 2
)
dr˜ + U [− n; 2k˜ ; r˜]
×
∫ r˜
0
exp
(
− ˜r˜√
˜2 + 2
)
r˜4k˜−1M [− n; 2k˜ ; r˜]V0
(
r˜
2
√
˜2 + 2
)
dr˜
]
: (9)
We can rewrite this in terms of Laguerre polynomials using the relations [1]
M (−n; 2k˜ ; r˜) = n!(2k˜)
(2k˜ + n)
L2k˜−1n (r˜)
U (−n; 2k˜ ; r˜) = (−1)nn!L2k˜−1n (r˜); (10)
and we arrive at a simpli,ed expression,
V =exp
[(
˜
2
√
˜2 + 2
− 1
2
)
r˜ + ((1− k˜)
√
˜2 + 2− ˜k˜)
]
×
∞∑
n=0
n!e−n
√
˜2+2
(2k˜ + n)
L2k˜−1n (r˜)
×
∫ ∞
0
exp
(
− ˜r˜√
˜2 + 2
)
r˜4k˜−1L2k˜−1n (r˜)V0
(
r˜
2
√
˜2 + 2
)
dr˜: (11)
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This expression can be simpli,ed using the identity [8]
∞∑
n=0
n!znL n(x)L
 
n(y)
(n+  + 1)
=
(xyz)− =2
1− z exp
[
−z(x + y)
1− z
]
I 
[
2
√
xyz
1− z
]
; (12)
where I is a Bessel function, so that
V =
1
2
r−k˜+1=2 csch
(

√
˜2 + 2
2
)
× exp
[(
˜
2
√
˜2 + 2
− 1
2
− 1
e
√
˜2+2 − 1
)
r˜ + (2
√
˜2 + 2− ˜k˜)
]
×
∫ ∞
0
r˜′3k˜−1=2 exp
[
−
(
˜√
˜2 + 2
+
1
e
√
˜2+2 − 1
)
r˜′
]
× I2k˜−1
[ √
r˜r˜′
sinh 
√
˜2 + 2=2
]
V0
(
r˜′
2
√
˜2 + 2
)
dr˜′: (13)
In (13) we have an expression for the value of a single payment interest rate security, which can
be written using a Green’s function in the form
V =
∫ ∞
0
G(r˜; r˜′; )V˜ 0(r˜′) dr˜′;
G(r˜; r˜′; )
=
1
2
r˜−k˜+1=2 exp
[(
˜
2
√
˜2 + 2
− 1
2
− 1
e
√
˜2+2 − 1
)
r˜
]
× exp
[(
2
√
˜2 + 2− ˜k˜
)

]
csch

√
˜2 + 2
2
× r˜′3k˜−1=2 exp
[
−
(
1
e
√
˜2+2 − 1
+
˜√
˜2 + 2
)
r˜
′
]
I2k˜−1
[ √
r˜r˜′
sinh 
√
˜2 + 2=2
]
; (14)
where V˜ 0(r˜) = V0(r). This Green’s function solution was presented in a slightly diHerent but equiv-
alent form in [4] in the context of the valuation of callable bonds.
In an interest rate swap, typically a payment is either made or received every 6 months, with
each of the payments being the same as that of an FRA. To value the swap, we can use formula
(14) to each of these FRAs and then sum them to arrive at a value for the swap. In what follows,
we will price a swap from the viewpoint of a receiver, that is an investor who receives ,xed and
pays /oating; the price from the viewpoint of a payer, that is someone who pays ,xed and receives
/oating, is the negative of the value found here. The ,xed rate is assumed to be speci,ed a priori,
and we will denote it by r0. The /oating rate for each payment is determined at the “reset time”,
which is usually earlier than the payment time, which is the moment at which payments exchange
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hands; in fact, the /oating rate for each payment is usually determined at the previous payment
date. One instrument where the payment time and reset time coincide is the LIBOR-in-arrears swap
(“LIBOR” being a speci,c set of interest rates). In our analysis, we will consider two kinds of
swaps: ,rstly, a LIBOR-in-arrears swap, and secondly a vanilla swap.
2.1. LIBOR-in-arrears swap
For a LIBOR-in-arrears swap, the reset and payment dates coincide, and for each payment, the
cash /ow at the payment date is simply the diHerence between the ,xed interest rate r0 and the
value of the /oating rate r at the time of the payment, multiplied by 1=2 because payments are
made every 6 months or half year, so that V0(r) = (r0 − r)=2, or
V˜ 0(r˜′) =
1
2
(
r0 − r˜
′
2
√
˜2 + 2
)
: (15)
If V0 is negative, the receiver must pay the balance to the payer, while it is negative, the payer must
pay the receiver. Using this pay-oH in the Green’s function solution (14) yields the following value
for each of the cash /ows, where we assume cash /ow number i is received at a time i later,
Vi =
1
4
r˜−k˜+1=2 exp
[(
˜
2
√
˜2 + 2
− 1
2
− 1
e
√
˜2+2i − 1
)
r˜
]
× exp
[(
2
√
˜2 + 2− ˜k˜
)
i
]
csch

√
˜2 + 2i
2
×
∫ ∞
0
r˜′3k˜−1=2
(
r0 − r˜
2
√
˜2 + 2
)
I2k˜−1
[ √
r˜r˜′
sinh 
√
˜2 + 2i=2
]
× exp
[
−
(
1
e
√
˜2+2i − 1
+
˜√
˜2 + 2
)
r˜′
]
dr˜′: (16)
The integrals in (16) can be evaluated using the relations∫ ∞
0
r˜′b exp[− ar˜′]Ic
[
d
√
r˜′
]
dr˜′
=
(1 + b+ c=2)
(1 + c)
(
d
2
√
a
)c
a−1−bM
(
1 + b+
c
2
; 1 + c;
d2
4a
)
; (17)
where M is Kummer’s function and  is the gamma function [1,8], giving the following closed
form expression for the value of the cash /ow at time i:
Vi =
(4k˜)
22k˜+1(2k˜)
exp
[(
˜
2
√
˜2 + 2
− 1
2
− 1
e
√
˜2+2i − 1
)
r˜
]
×
(
1
e
√
˜2+2i − 1
+
˜√
˜2 + 2
)−4k˜−1
exp
[(
2
√
˜2 + 2− ˜k˜
)
i
]
csch2k˜

√
˜2 + 2i
2
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×

M

4k˜ + 1; 2k˜ ; r˜
4
(
1
e
√
˜2+2i − 1
+
˜√
˜2 + 2
)−1
csch2

√
˜2 + 2i
2


×
(
− 2k˜√
˜2 + 2
)
+M

4k˜ ; 2k˜ ; r˜
4
(
1
e−
√
˜2+2i − 1
+
˜√
˜2 + 2
)−1
csch2

√
˜2 + 2i
2


× r0
(
1
e
√
˜2+2i − 1
+
˜√
˜2 + 2
) ; (18)
which is of course the value of an FRA. The value of the swap is then simply the sum of values
of these FRAs, namely
V = &iVi; (19)
where of course the value of the FRA i which occurs at time i is given by (18), and the sum is
over all FRAs in the swap.
2.2. Vanilla interest rate swap
For a vanilla interest swap, a slightly diHerent approach must be taken. Typically for such a swap,
the /oating rate for one payment date is determined at the previous payment date, so that the payment
and reset dates do not coincide. To value such a swap using the CIR model, we must distinguish
between the ,rst FRA and subsequent FRAs. For the ,rst payment, which we shall assume takes
place at a time 1 in the future and which has a present value of V1, the reset date has already
occurred, so we know the /oating rate which will be used for the ,rst payment. If we denote this
rate by r1, the cash /ow at 1 will be V0 = (r0 − r1)=2, so that the value of the ,rst FRA is simply
that of a zero coupon bond with principal (r0 − r1)=2 and time until maturity of 1, which is given
by [12],
V1 =
(r0 − r1)(4k˜)
22k˜+1(2k˜)
exp
[(
˜
2
√
˜2 + 2
− 1
2
− 1
e
√
˜2+21 − 1
)
r˜
]
×
(
˜√
˜2 + 2
+
1
e
√
˜2+21 − 1
)−4k˜
exp
[(
2
√
˜2 + 2− ˜k˜
)
1
]
csch2k˜

√
˜2 + 21
2
×M

4k˜ ; 2k˜ ; r˜1
4
(
˜√
˜2 + 2
+
1
e
√
˜2+21 − 1
)−1
csch2

√
˜2 + 21
2

 : (20)
For subsequent cash /ows, occurring at times i for i¿ 1, we will assume that the reset date occurs
at the previous payment date, so that it occurs a time 1=2 before the payment. The /oating rate
ri for the payment at i is ,xed at this reset date, and the cash /ow at the payment date will be
V0 = (r0 − ri)=2. For these FRAs, we will consider the ,xed and /oating legs separately. For the
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,xed leg, we know that the present value is once again that of a zero coupon bond, with time to
expiration of i and principal r0=2, given by
V (a)i =
r0(4k˜)
22k˜+1(2k˜)
exp
[(
˜
2
√
˜2 + 2
− 1
2
− 1
e
√
˜2+2i − 1
)
r˜
]
×
(
˜√
˜2 + 2
+
1
e
√
˜2+2i − 1
)−4k˜
exp
[(
2
√
˜2 + 2− ˜k˜
)
i
]
csch2k˜

√
˜2 + 2i
2
×M

4k˜ ; 2k˜ ; r˜1
4
(
˜√
˜2 + 2
+
1
e
√
˜2+2i − 1
)−1
csch2

√
˜2 + 2i
2

 : (21)
For the /oating leg at i, a little more work is required. The value of this leg at the time of the
reset date, rather than at the present time, is given by a zero coupon bond, this time with principal
−ri=2 and time until expiry of 1=2, which is
Ui(ri) = U˜ i(r˜i)
=− ri(4k˜)
22k˜+1(2k˜)
exp
[(
˜
2
√
˜2 + 2
− 1
2
− 1
e
√
˜2+2=2 − 1
)
r˜i
]
×
(
˜√
˜2 + 2
+
1
e
√
˜2+2=2 − 1
)−4k˜
exp
[(
2
√
˜2 + 2− ˜k˜
)

2
]
csch2k˜

√
˜2 + 2
4
×M

4k˜ ; 2k˜ ; r˜i
4
(
˜√
˜2 + 2
+
1
e
√
˜2+2=2 − 1
)−1
csch2

√
˜2 + 2
4

 : (22)
We next have to ,nd the expected value of the /oating leg at the present time. We know that if
the interest rate at a time i − 1=2 in the future is ri, then this leg has a value Ui(ri) at that time,
but of course the interest rate ri is unknown at the present time. To value the /oating leg, we can
again use the Green’s function formula (14), this time with  replaced by i − 1=2 and V0 by Ui
given by (22), so that the present value of this leg is
V (b)i =
1
2
r˜−k˜+1=2 exp
[(
˜
2
√
˜2 + 2
− 1
2
− 1
e
√
˜2+2(i−1=2) − 1
)
r˜
]
× exp
[(
2
√
˜2 + 2− ˜k˜
)
(i − 1=2)
]
csch

√
˜2 + 2(i − 1=2)
2
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×
∫ ∞
0
r˜′3k˜−1=2 exp
[
−
(
1
e
√
˜2+2(i−1=2) − 1
+
˜√
˜2 + 2
)
r˜′
]
× I2k˜−1
[ √
r˜r˜′
sinh 
√
˜2 + 2(i − 1=2)=2
]
U˜ i(r˜′) dr˜′
=− (4k˜)
22k˜+3(2k˜)
√
˜2 + 2
(
˜√
˜2 + 2
+
1
e
√
˜2+2=2 − 1
)−4k˜
× r˜−k˜+1=2 exp
[(
˜
2
√
˜2 + 2
− 1
2
− 1
e
√
˜2+2(i−1=2) − 1
)
r˜
]
× exp
[(
2
√
˜2 + 2− ˜k˜
)
i
]
csch2k˜

√
˜2 + 2
4
csch

√
˜2 + 2(i − 1=2)
2
×
∫ ∞
0
r˜′3k˜+1=2I2k˜−1
[ √
r˜r˜′
sinh 
√
˜2 + 2(i − 1=2)=2
]
× exp
[
−
(
1
2
+
1
e
√
˜2+2=2 − 1
+
1
e
√
˜2+2(i−1=2) − 1
+
˜
2
√
˜2 + 2
)
r˜′
]
×M

4k˜ ; 2k˜ ; r˜′
4
(
˜√
˜2 + 2
+
1
e
√
˜2+2=2 − 1
)−1
csch2

√
˜2 + 2
4

 dr˜′: (23)
The present value of the cash /ow to be received at time i is then the sum of the ,xed and /oating
legs given above in (21), (23), and is given by
Vi = V
(a)
i + V
(b)
i ; (24)
where V (a)i came from the ,xed leg and was given by (21) and V
(b)
i came from the /oating leg
and was given by (23), and the total Vi can be thought of as the value of an FRA. As with the
in-arrears swap, the value of the swap is now simply the sum of the present values of the future
cash /ows, namely
V =
∑
i
Vi; (25)
where of course the present value of cash /ow i which occurs at time i is given by (20) for the
,rst cash /ow at 1 and by (24) for the subsequent cash /ows at 2; 3; : : :, and the sum is over all
future cash /ows in the swap.
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3. Discussion
In the previous section, we presented expressions for the value of a vanilla ,xed-for-/oating
interest rate swap (25) and an in-arrears swap (19), having treated the swap as a series of FRAs,
with the values of the individual FRAs given by (22) and (24) for the vanilla swap and (18) for the
in-arrears swap. As we discussed in Section 1, our analysis can be applied both to swaps arranged
directly between two counterparties and to swaps arranged by a dealer, and can also accommodate
cases where the two counterparties have diHerent credit ratings.
In deriving these expressions, we assumed that the /oating interest rate obeyed the CIR model
[5,6], which is mean reverting. In contrast to our use of the CIR model, many market practitioners
use the Black-76 formula [3], which is a modi,cation of the Black–Scholes model and was originally
intended for pricing commodities futures. Under Black-76, the underlying forward rates in the FRAs
which comprise the swap are assumed to be lognormal, and our own feeling is that the mean
reverting CIR is a better model to use for interest rate derivatives than Black-76. Another approach
commonly taken by market practitioners is to use a more realistic interest rate model, such as the
CIR model used here, but to price swaps numerically, usually with a binomial tree or Monte Carlo
simulation. Our formulae for the swaps using the CIR model are comparatively simple and could
be evaluated numerically both quickly and accurately, making our formulae extremely competitive
with other methods for practitioners who want to accurately and quickly price a swap using the CIR
model.
Finally, we would like to discuss how the analysis presented here could be extended. In the preced-
ing sections, we have assumed that both the ,xed and /oating payments were made simultaneously,
at times i. In reality, of course, there is often a mismatch between the two payment streams in
terms either of the timing of the payments or the number of the payments. This sort of mismatch
is obviously to be expected, given the nature of swaps. If a party knows that they will receive one
set of cash /ows while being obligated to pay out a second series of cash /ows, swaps are an
obvious way to hedge against both interest rate risk and re-investment risk. By entering into a swap,
the party locks in an interest rate, and further, in the event that there is a mismatch between the
dates on which he is receiving and making payments, does not need to worry about either investing
or borrowing funds to accommodate that mismatch. The valuation of such a mismatched swap is
actually fairly straightforward within the framework presented in Section 2. For example, since the
value of the swap simply present value of the ,xed payments less that of the /oating payments, or
vice versa depending upon your viewpoint, it would be fairly straightforward to assume that there
was a mismatch between the payment dates, with perhaps the ,xed payments being made at times
(,xed)i and the /oating payments being made at times 
(/oating)
i . In such a case, it would be necessary
to work out the present values of the two payment streams separately, and the value of the swap
would simply be the diHerence between the two present values. With such a mismatch then, the
value of the swap is the diHerence in present values of the two payment streams rather than the
present value of the net payments. As an example, for the LIBOR-in-arrears swap considered in
Section 2.1, rather than assuming that a cash /ow of (r0 − r)=2 is received at time i, it would be
necessary to assume that a cash /ow of r0=2 is received at time 
(,xed)
i and a separate cash /ow of
−r=2 (or −(r + rs)=2 if the /oating payment is LIBOR plus a spread of rs rather than just LIBOR)
is received at time (/oating)i . Similarly, if the swaps were mismatched in the sense that one side was
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making more payments than the other side, then again it would be possible to work out the present
values of two payment streams separately, and price the swap using the diHerence between the two
present values.
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